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During t h e  l a s t  decade, i nc reas ing  emphasis has been placed on the  
use of t h e  equa t ion  of s t a t e  (EOS) approach t o  model and c o r r e l a t e  high- 
pressure  phase equ i l ib r ium behaviour. More s u c c e s s f u l  a p p l i c a t i o n s  have 
employed some form of cubic  EOS (1-3) a l though o t h e r s  (e.g.. 4 )  have been 
proposed. However. as the types  of systems s t u d i e d  have become more complex, 
t h e  inhe ren t  weaknesses o f  a cub ic  EOS have become apparent .  We, in  p a r t i c u l a r ,  
a r e  i n t e r e s t e d  i n  s tudy ing  phase behaviour of systems comprising polymer 
molecules i n  t h e  presence  of a s u p e r c r i t i c a l  f l u i d .  Here t h e  s i z e  d i s p a r i t y  
of the  component molecules can be l a r g e .  One approach would have been t o  
adopt  t h e  modified per turbed  hard  cha in  theory  (5.6) which has been adapted 
f o r  mixtures  of l a r g e  and smal l  hydrocarbon molecules. We, however, e l ec t ed  
t o  study whether l a t t i c e  theory  models could be of va lue  f o r  systems of 
our i n t e r e s t .  S tud ie s  based on t h i s  approach, have been attempted f o r  d i f f e r e n t  
s y s t e m s  (7-1 1 ) ,  and a n  i n t e r e s t i n g  gene ra l  model proposed by Panayiotou 
and Vera (12 ) .  Our approach is s i m i l a r  i n  many r e s p e c t s  t o  the l a s t  re fe rence  
although s i g n i f i c a n t  d i f f e r e n c e s  appear i n  t r e a t i n g  mixtures.  

Pure Components 

Theory 

Molecules a r e  assumed t o  ttsitlf on a l a t t i ce  of coord ina t ion  number 
z and of c e l l  s i z e  VH. Each molecule ( spec ie s  1 )  is assumed t o  occupy r1 
sites (where r1 can  b e  f r a c t i o n a l ) ,  and t h e  l a t t i ce  has empty sites c a l l e d  
holes .  There a r e  NO holes and N1 molecules. To account f o r  the  connec t iv i ty  
of t h e  segments o f  a molecule,  a n  e f f e c t i v e  chain l e n t h  q1 is def ined  as, 

zql - zr1 - 2r l  2 1 )  

wherein i t  has  been assumed that cha ins  a r e  not  c y c l i c .  zq1 now rep resen t s  
t h e  effective number of e x t e r n a l  c o n t a c t s  per  molecule .  The i n t e r a c t i o n  
energy between segments of molecules is denoted by -EI 1 ,  while the  i n t e r a c t i o n  
energy of any species w i t h  a h o l e  is zero. Only n e a r e s t  neighbour i n t e r a c t i o n s  
are cons idered ,  and pairwise a d d i t i v i t y  is assumed. The canonica l  p a r t i t i o n  
func t ion  for t h i s  ensemble can be formal ly  r ep resen ted  as: 
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where 6- l/kT. On the  assumption of random mixing of ho les  and molecules. 
and followlng the approach of Panayiotou and Vera (12) ,  we ob ta in  an  express ion  
f o r  Q which is v a l i d  o u t s i d e  t h e  c r i t i c a l  r eg ion  of t h e  pure Component. 
i.e., 

where 6 is t h e  number of i n t e r n a l  arrangements of a molecule and a a symmetry 
f ac to r .  Using the  fo l lowing  reducing parameters 

( 2 / 2 ) ~ 1 1  - P’VH - RT* 4 )  

and de f in ing  1, the t o t a l  volume of t h e  system, 

an EOS t h a t  de f ines  the  pu re  component is obta ined ,  i.e., 

= -  P 
T v - 1  V T 

” ” - 
e2 - 1 -  - i n ( A ) +  : i n (  v + ( q / r )  - 1  

Here e is  the  e f f e c t i v e  s u r f a c e  f r a c t i o n  of molecules and the  t i l d e  (-1 
denotes reduced va r i ab le s .  All q u a n t i t i e s  except  v ,  i n  the EOS are reduced 
by t h e  parameters i n  Eq.(4). The s p e c i f i c  volume v, is reduced by v* , the  
molecular hard-core volume, 

Vi - NlrlVH 7) 

Expressions for the  chemical p o t e n t i a l  of a pure  component can  a l s o  be der ived  
from Eq. (3 )  and s tandard  thermodynamics (13) .  

Determination of pu re  component parameters 

In  order  t o  use  t h e  obta ined  EOS t o  model r e a l  subs tances  one needs 
t o  ob ta in  ‘11 and v*. For a pure  component below its c r i t i c a l  po in t ,  a technique  
suggested by Jo f fe  e t  al..  (14) was used. Th i s  involves  the matching o f  
chemical p o t e n t i a l s  of each component i n  the  l i q u i d  and t h e  vapour phases 
a t  t h e  vapour p re s su re  of the  substance.  Also t he  a c t u a l  and p red ic t ed  s a t u r a t e d  
l i q u i d  d e n s i t i e s  were matched. The set  of equat ions  s o  obta ined  were solved 
by the ,  use  of a s t anda rd  Newtons method t o  y i e l d  t h e  pure component para- 
meters. Values of €11 and vi f o r  e thanol  and water a t  s e v e r a l  t empera tures  
are shown i n  Table 1. I n  t h i s  c a l c u l a t i o n  VH and z were set at  9.75 x 
m3 mole-1 and 10, r e s p e c t i v e l y  ( 1 2 ) .  The c a p a b i l i t y  of the  l a t t i c e  EOS t o  
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fi t  pure component VLE was found t o  be q u i t e  i n s e n s i t i v e  t o  v a r i a t i o n s  i n  
z ( 6 ~ 2 ~ 2 6 )  and VH ( 1  .Ox 10-7 m 3 m 0 l e - ~ < v ~ < 1 . 5 ~  10-5 m3mole-l). 

For SCF, t h e  pure component parameters were obta ined  by f i t t i n g  P-v 
d a t a  on a n  isotherm. Prel iminary d a t a  for t h e s e  subs tances  sugges t  t h a t  
although the computed vi is a f u n c t i o n  of temperature ,  €11 is a constant  
w l  t h i n  r e g r e s s i o n  e r r o r .  

Discussion 

I n  order t o  q u a l i t a t i v e l y  understand t h e  behaviour of t h e  l a t t i c e  
WS. i t  was examined i n  t h e  l i m i t  of small molecules ( q,r - 1 ) .  I n  t h i s  
c a s e  Eq.(6) s i m p l i f i e s  t o  the  form, 

., - 1 
) - -  P :: - I n (  - v  

T v - 1  T v2 

The f irst  term can  be i d e n t i f i e d  w i t h  a "hard-sphereff repuls ion  term, whi le  
t h e  second acconts  for a t t r a c t i v e  forces .  The second term can be r e w r i t t e n  
as. 

( P*V*2) a 

R T  V2 V2 
B - -  Pa v 

z a E i - . -  9) 

Thus, t h e  a t t r a c t i v e  term represented  i n  Eq.(9) has  t h e  same form as the  
a t t r a c t i v e  term in t h e  van d e r  Waals EOS (15) .  On examining t h e  data  i n  
Table 1 ,  and computing t h e  parameter a i n  Eq.(9) ,  i t  was found t h a t  f o r  
v a r i a t i o n s  of up t o  150K. the  v a r i a t i o n  of t h i s  parameter was always less 
than  31, a l though t h e  computed values  of v* and €11 themselves showed a 
7% v a r i a t i o n .  I n  t h e  l i m i t  of small molecules ,  t h e r e f o r e ,  the  l a t t i c e  EOS 
has a term t h a t  approximates  t h e  van d e r  Waals t y p e  a t t r a c t i v e  term closely.  

The behaviour of t h e  r e p u l s i v e  term of t h e  l a t t i c e  EOS is more complicated 
and w i l l  n o t  be d iscussed  i n  d e t a i l .  A t  l i q u i d - l i k e  d e n s i t i e s  t h i s  repuls ion  
term i s  a b e t t e r  approximation t o  t h e  hard spheres  r e p u l s i o n  than the  van 
de r  Waals r e p u l s i o n  term. A t  gas - l ike  d e n s i t i e s ,  however, the  oppos i te  behaviour 
is observed. 

Binary Uixtures  

Theory: 

Consider a mixture of NO holes ,  N1 molecules of  s p e c i e s  1 and N2 molecules 
of s p e c i e s  2. Following Panayiotou and Vera ( 1 2 )  t h e  fol lowing mixing ru les  
a r e  assumed for  t h e  mixture  parameters FM, qM and vM*. 

rM = 1 x i  Pi 10) 
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L a t t i c e  coord ina t ion  numbers ( 2 )  and t h e  c e l l  volumes ( V H )  f o r  both t h e  
Pure components and mixture l a t t i c e s  a r e  assumed t o  have t h e  same value.  The 
P a r t i t i o n  func t ion  f o r  t h i s  ensemble can be formulated following Eq.(2).  I t  
is assumed now t h a t  t h e  p a r t i t i o n  func t ion ,  f a r  from t h e  b inary  c r i t i c a l  
Poin t  can be approximated by its l a r g e s t  term. S ince  molecule segments and  
ho le s  can d i s t r i b u t e  themselves nonrandanly, t h e  p a r t i t i o n  f u n c t i o n  must 
i nco rpora t e  terms t o  account f o r  t h i s  e f f e c t .  The nonrandomness c o r r e c t i o n  
r i j  allows f o r  d i s t r i b u t i o n  of t h e  segments of spec ie s  i about t h e  segments 
Of spec ie s  j over t he  random values  of such con tac t s .  I t  is def ined  through 
t h e  equat ion  

where N i j  is t h e  a c t u a l  number of i-j c o n t a c t s  and N i j o  is t h e  number of 
i-j con tac t s  i n  t h e  completely random case.  Expressions f o r  t h e  nonrandomness 
c o r r e c t i o n  m u s t  be obtained through t h e  s o l u t i o n  of t h e  "quasichemical" 
equa t ions ( l6 ) .  These equat ions  can be so lved  i n  a c losed  a n a l y t i c  form only 
i n  t h e  case  of a two component system. I n  o rde r  t o  ensure  t h e  mathematical 
t r a c t a b i l i t y o f  t h e b i n a r y r e s u l t s ,  i t  is t he re fo re  assumed t h a t  ho le s  d i s t r i b u t e  
randomly w h i l e  molecules do not .  

The s o l u t i o n  f o r  t h e  quasichemical express ions  f o r  t h e  pseudo 
two component system y i e l d s  a n  expression f o r  t h e  nonrandomness co r rec t  ion 
r i j .  which can be represented  mathematically a s ,  

- 
8 1  is t h e  su r face  f r a c t i o n  of i molecule segments on a hole- f ree  b a s i s  a n d  
e is t he  t o t a l  s u r f a c e  a rea  f r a c t i o n  of molecule segments. Eq.(16) immediately 
sugges ts  a combining rule f o r  €12 as  a measure of t h e  depa r tu re  of t h e  mixture 
from randomness, i .e . ,  

The mixing r u l e  for E a r i s e s  n a t u r a l l y  through t h e  formula t ion  of t h e  canonical 
p a r t i t i o n  func t ion ,  i . e . ,  

! 
6 9  



An EOS for t h e  mixture  and chemical p o t e n t i a l s  f o r  component i i n  t he  mixture  
can now be der ived  u s i n g  s t a n d a r d  thermodynamics. 

- - - 
e2 r22 - I e2 (262i- 5,) + 0.5zqi[ En - r22Ln - 

r12 

el ( 2 6 1 1  - e2 

where p i  r e p r e s e n t s  the chemical p o t e n t i a l  of component i i n  a binary mixture, 
j - 3 - i  and ACT) is some universa l  temperature  funct ion.  6 i j  is t h e  Dirac-delta 
funct ion.  Parameters used for obta in ing  t h e s e  equat ions  i n  a dimensionless  
form a r e  def ined  i n  manner analogous t o  Eq.(4). 

The mixture  EOS [Eq. ( l g ) ]  has the  three terms t h a t  a r e  present  i n  the  
pure component EOS. Also, i t  has an a d d i t i o n a l  term which accounts  f o r  t h e  
nonrandomness c o r r e c t i o n s  t h a t  have been incorporated i n t o  t h e  p a r t i t  i o n  
f u n c t i o n  express ion .  This l as t  term, fo r  a l l  c a s e s  tested,  is a l w a y s  a t  
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least  4 orde r s  of magnitude smaller than  t h e  o t h e r  three te rms  and can e f fec-  
t i v e l y  be  neglec ted .  However, i t  is r e t a i n e d  f o r  the sake of mathematical 
consistency. 

Resu l t s  and Discussion 

The express ions  der ived  f o r  t h e  EOS and the  chemical p o t e n t i a l  of 
component i i n  a b ina ry  mixture were used t o  model the phase e q u i l i b r i a  
of b inary  mixtures.  A set  of non- l inear  equat ions  was obta ined  and so lved  
by the use  of a Newton's method. 

Mixtures of small molecules (acetone-benzene, ethanol-water) were 
considered f i r s t .  I n  F igures  1 and 2 ,  a comparison is made between t h e  pred ic ted  
and experimental  l o r p r e s s u r e  VLE d a t a  (17,18) f o r  these systems. An e x c e l l e n t  
fit  t o  the da ta  is obta ined  in  both  cases, w i t h  t h e  use  of one apparent ly  
temperature independent parameter ( k i j )  pe r  binary.  

The i n t e r e s t i n g  a spec t  of t h i s  modelling is the tempera ture  indepen- 
dence of k i j .  I t  was shown e a r l i e r  t h a t ,  i f  the  pure components were small 
molecules, t h e  l a t t i c e  EOS has a n  a t t r a c t i v e  term w i t h  an  e s s e n t i a l l y  temp- 
e r a t u r e  independent s. Extending t h i s  argument t o  mixtures r e s u l t s  i n  the 
p red ic t ion  of t h e  temperature independence of k i j  f o r  binary mixtures  of 
small molecules. A t empera ture  independent i n t e r a c t i o n  parameter is a proper ty  
of t h e  binary,  which could ,  i n  concept,  be c a l c u l a t e d  by group con t r ibu t ion  
techniques.  T h i s  scheme, i f  implemented, would make the modelling technique 
a p r e d i c t i v e  one. 

In  examining t h e  s e n s i t i v i t y  of t h e  model t o  t h e  assumed va lue  
of z ,  i t  was found f o r  the ethanol-water system tha t  the model p red ic t ions  
were i n s e n s i t i v e  t o  the z value  i n  the  v i c i n i t y  of 2-10. For l a r g e  va lues  
of z (z>15) ,  however, i t  was found tha t  the model was incapable  of even 
q u a l i t a t i v e l y  p r e d i c i t i n g  mixture VLE behaviour. 

The a p p l i c a b i l i t y  of the l a t t i ce  EOS i n  the modelling o f  the 
VLE of mixtures of molecules of d i f f e r e n t  s i z e s  was examined next .  The results 
f o r  t h e  H2S-2-heptane system a t  310K and 352K are shown i n  F igure  3 (19) .  For 
t h e  temperatures modelled, it is seen  t h a t  t h e r e  is a good agreement between 
the p red ic t ion  and t h e  experimental  d a t a ,  aga in  w i t h  the use  of one temperature 
independent b inary  i n t e r a c t i o n  parameter.  

The l a t t i c e  model t h u s  provides  t h e  c a p a b i l i t y  t o  ob ta in  good, 
q u a n t i t a t i v e  f i t s  t o  experimental  VLE data f o r  b ina ry  mixtures  of molecules 
be low t h e i r  c r i t i c a l  po in t .  Its va lue  l i es  i n  t h e  f a c t  t h a t  i t  performs 
equa l ly  well r e g a r d l e s s  of the size d i f f e r e n c e s  between the component molecules. 

The model was then extended t o  t h e  phase equ i l ib r ium modelling 
of s o l i d - s u p e r c r i t i c a l  f l u i d  (SCF) b i n a r i e s .  In  F igu res  4 and 5 ,  the model 
behaviour is compared t o  experimental  data f o r  t h e  naphthalene-carbon d ioxide  
b ina ry  a t  308 and 318K respec t ive ly .  Outs ide  the c r i t i c a l  reg ion ,  the la t t ice  
EOS provides a good f i t  t o  t h e  measured data (20). The k i j  values ,  however, 
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were not t empera ture  independent. 

The agreement of t h e  model wi th  t h e  data in  t h e  c r i t i c a l  reg ion  
is n o t  s a t i s f a c t o r y .  The reason  fo r  t h i s  f a i l u r e  is bel ieved  t o  be two fo ld .  
F i r s t l y ,  t h e  p a r t i t i o n  f u n c t i o n  express ion  f o r  t h e  b inary  is v a l i d  i n  a 
r e g i o n  where the  l a r g e s t  term i n  the summation i n  Eq.(2) dominates a l l  o t h e r  
terms. I n  t h e  c r i t i c a l  r eg ion  t h i s  assumption breaks down. Secondly, it 

whi l e  molecules do not.  Th i s  assumption could be another  cause  of t h e  poor 
fits obta ined  i n  t h e  c r i t i c a l  region. 

I 

has been assumed ( f o r  mathematical  t r a c t a b i l i t y )  t h a t  h o l e s  d i s t r i b u t e  randomly { 

In o rde r  t o  tes t  t h e  a p p l i c a b i l i t y  of t h e  model t o  polymer-SCF 
systems. a hypo the t i ca l  system of CO2 and a monodisperse x-mer w i t h  a monomeric 
u n i t  molecular weight of 100 was simulated.  Reasonable va lues  f o r  the  pure 
component parameters for t h e  polymer were chosen (12) .  Constant va lues  of 

were used f o r  t h e  polymer system, where t h e  degree  of polymerization, 
:'varied between 1 and 7. I t  was assumed t h a t  a l l  cha ins  had t h e  same E, 
and v* sca l ed  as the  molecular weight of t h e  chain.  F igure  6 shows t h e  r e s u l t s  
of t h e  pred ic ted  mole f r a c t i o n  of t h e  x-mer i n  t h e  SCF phase. 

The model s imula t e s  an exper imenta l ly  observed t r end  (20) t h a t  
the  s o l u b i l i t y  of cha ins  i n  a SCF shows a s t r o n g  inve r se  dependence on 
t h e  molecular mass of the polymer. F igure  6 shows t h a t  changing t h e  molecular 
weight of t h e  cha in  molecule from 100 t o  700 causes  a reduct ion  i n  s o l u b i l i t y  
of nea r ly  6 o rde r s  of magnitude. The model a l s o  shows t h a t  a l l  t h e  s o l u b i l i t y  
p l o t s  tend t o  f l a t t e n  ou t  around 300 ba r ,  as observed i n  experiments. C l a s s i c a l l y  
used  EOS l i k e  a modified cubic  EOS (22) .  when app l i ed  t o  such  systems, produce 
s o l u b i l i t y  curves  which t end  t o  show a sha rp  maximum around 200 bar .  For 
polymer-SCF systems, t h e r e f o r e ,  the l a t t i ce  EOS is be l i eved  t o  be supe r io r  
t o  modified cubic EOS. 

Conclusions 

A new a t tempt  towards t h e  development of a s t a t i s t i ca l -mechan ics  
based model f o r  mixtures  of molecules of d i s p a r a t e  s i z e s  has been made. Resul t s  
ob ta ined  t o  date demonstrate t h a t  t h e  l a t t i ce  EOS is s u p e r i o r  t o  modified 
c u b i c  EOS f o r  polymer-SCF e q u i l i b r i a ,  while for t h e  o t h e r  systems, ou t s ide  
t h e  c r i t i c a l  r eg ion ,  it performs as well as c l a s s i c a l l y  employed techniques.  The 
removal of t h e  assumption regard ing  t h e  random mixing of h o l e s  is expected 
t o  improve t h e  performance of t h e  model i n  t h e  c r i t i ca l  reg ion .  

The tempera ture  independence of t h e  a parameter CEq. (9 1 and 
t h e  binary i n t e r a c t i o n  parameter ( k i j )  f o r  systems of small molecules a r e  
i n t e r e s t i n g  phenomena t h a t  mer i t  c l o s e r  examination. 
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Table 1: Pure Component parameters f o r  e thanol  and water 
at  s e v e r a l  t empera tures  ( 2-10, VH-9.75 x 10-6 m3mole-1) 

Ethanol Water 

~~~ ~ 

283 1357.59 1.2018 3596.56 0.9602 
29 3 1355.47 1.201 6 3516.20 0.9685 
303 1314.34 1.2193 3438.16 0.9767 
31 3 1294.18 1.2276 3362.54 0.9588 
323 1274.90 1.2358 3289.36 0.9943 
333 
343 
35 3 
36 3 
37 3 
39 3 
41 3 

256.49 
238.87 
222.04 
205.89 
190.43 
161.42 
134.68 

.2437 32 18.53 

.2515 3150.14 

.2589 3083.99 

.2661 3020.02 

.2731 2958.16 

.2864 2840.43 

.2989 2730.13 

.0030 

.0123 

.0216 

.0310 

.0406 

.0602 

.0804 
431 1109.83 1 .YO9 2626.57 1.1011 
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